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High order cubature for iterated function system

cubature —  numerical integration
high order — fast convergence
Iterated Function System (IFS) — fractals (multiscale domain)

Applications: Fractal antenna engineering

FYVYYYYY
w

Ezhumalai, Ganesan, Balasubramaniyan (2021)
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@ Iterated Function System (IFS) and Hausdorff measure

Cubature for Iterated Function System (IFS)
@ Interpolation and exact formula

@ .Y-invariant case

@ Non .#-invariant case

Conclusions et perspectives
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Fractal as Iterated Function System (IFS) attractor
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Fractal as Iterated Function System (IFS) attractor
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Fractal as Iterated Function System (IFS) attractor

Iterated Functions System IFS = {S;: R” — R":£=1,..., L} where
e S, are affine and contractive (p; < 1):

15e(x) = SeWIl < eellx =yl ¥x,y € R
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Fractal as Iterated Function System (IFS) attractor

Iterated Functions System IFS = {S;: R” — R":£=1,..., L} where
e S, are affine and contractive (p; < 1):

15e(x) = SeWIl < eellx =yl ¥x,y € R

Thm. There exists a unique non-empty compact set I C R” s.t.
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Fractal as Iterated Function System (IFS) attractor

Iterated Functions System IFS = {S;: R” — R":£=1,..., L} where
e S, are affine and contractive (p; < 1):

15e(x) = SeWIl < eellx =yl ¥x,y € R

Thm. There exists a unique non-empty compact set I C R” s.t.

L
r=7() =] s
=1

For any non-empty compact set F:
o /P(F)—T. (for the Hausdorff distance)

o If Si(F),...,S.(F) C F, then T = () #P(F). (/#P(F) pre-fractal)
p=>0
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Hausdorff measure
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Hausdorff measure
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Hausdorff measure

LYE) = a(1) lim inf
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» HY(TE + b) = H(E)
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Hausdorff measure

EclJB

j>1

(x5, r7) andrj<6}

ECUB(xj,rj) andrj<5}

jz1

jz1

ECUB(Xj,rJ-) andrj<5}

» H(TE + b) = H(E)

Def. 3!d = dimy E such that H<9(E)

= +oo0 and H~9(E) = 0.
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Applications: Sound-soft scattering by a frac_

Given: k wavenumber, u™ incident field
Find: the scatter field °¢ such that

— AU — K2 =0 in R"\ T
(PDE) U= =" onl

u* outgoing at infinity

Gibbs, Hewett, Major (2023)

Chandler-Wilde, Hewett (2018), Caetano, Chandler-Wilde, Gibbs, Hewett, Moiola (2024)
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Applications: Sound-soft scattering by a fractal scr-

Given: k wavenumber, u™ incident field
Find: the scatter field °¢ such that

— AU — K2 =0 in R"\ T
(PDE) U= =" onl
u* outgoing at infinity

Gibbs, Hewett, Major (2023)

We have v°°(x) = /G(x,y)¢(y) d?—[;’, x € R"\ T, where G fund. sol. and
r

(IE) /G(x Y)oly)dHS = u"(x), x€eT

Chandler-Wilde, Hewett (2018), Caetano, Chandler-Wilde, Gibbs, Hewett, Moiola (2024)
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Applications: Sound-soft scattering by a fractal screen -

Given: k wavenumber, u™™ incident field
Find: the scatter field °¢ such that

—AUC — K2 =0 in R"\ T
(PDE) { u*c = —y4" onT
u* outgoing at infinity

Gibbs, Hewett, Major (2023)

We have v°°(x) = /G(x,y)cﬁ(y)d?-[g, x € R"\ T, where G fund. sol. and

(IE) /G(xy JdH) = u"(x), x€T

(BEM) / [ Glx ot i) s s = /r U () (x) dHY

Chandler-Wilde, Hewett (2018), Caetano, Chandler-Wilde, Gibbs, Hewett, Moiola (2024)
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Applications: Sound-soft scattering by a fractal screen

eem) [ [ G0t ) s s = /r d" ()P (x) dHY

o, ¢ €span{lr, |we{l, ..., L}P}

where 'y = Sy, 0---05,,(l)

(2023), (2023)
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eem) [ [ G0t ) s s = /r d" ()P (x) dHY

o, ¢ €span{lr, |we{l, ..., L}P}

where 'y = Sy, 0---05,,(l)
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Applications: Sound-soft scattering by a fractal screen

eem) [ [ G0t ) s s = /r d" ()P (x) dHY

o, ¢ €span{lr, |we{l, ..., L}P}

where [y, = Sy, 0---085,,(T)

AW,,Z// G(x,y)dH dH] and in":/ u"(x) dH?
Fwxly w

Goal: numerically compute / f(x)dH<, for smooth f.
r

(2023), (2023)
Zois Moitier (ENSTA Paris) High order cubature for IFS 9 /27



Table of Contents

© Cubature for Iterated Function System (IFS)
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Self-similar set and invariance property

> Sp: x> pgTox + by [Se(x) = Se(¥)|l = pellx =yl
e 0 < pp <1

e T, is an orthogonal matrix.
o b € R".
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Self-similar set and invariance property

> Sp: x s pyTox + by 156(x) = Se(¥)Il = pellx = |

e 0<pp <l
e T, is an orthogonal matrix.
o b € R".

Thm. Let IFS {S;:4=1,...,L} + OSC, we have

P +--4+pf =1 and 0<HI) < +oo.

Rem. All examples in this talk satisfy the OSC.
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Self-similar set and invariance property

> Sp: x s pyTox + by 156(x) = Se(¥)Il = pellx = |
e 0<pp <l

e T, is an orthogonal matrix.
o b € R".

Thm. Let IFS {S;:4=1,...,L} + OSC, we have

P +--4+pf =1 and 0<HI) < +oo.

Rem. All examples in this talk satisfy the OSC.

Cor. For f: T — C, / YdHI = Zpe/fOSg )dHI.

1<e<L
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Previous works

Goal: For f: Q DT — C smooth, compute / f(x)dp.

N
Idea: / f(x)dp ~ Z wif (%)
r i=1
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Previous works

Goal: For f: Q DT — C smooth, compute / f(x)dp. [du = ——
r

N
Idea: / f(x)dp ~ Z wif (%)
r i=1

Known results:
e For CR: (1996)

o Gauss rules based on orthogonal polynomials
o high order / only works on dimension 1

e For generic IFS: (1998)

o Chaos game rules
o convergence independent of d / stochastic + slow convergence N~1/2

e For IFS = {S,(x) = Agx + by}: (2023)
o Composite barycenter rules
o easy to implement / slow convergence N—2/¢
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Cubature

dH?
Goal: For f: Q DT — C smooth, compute /r f(x)dp. [dp = Hd(r)]
Principe: Given
e a space P of polynomials;
e a “good” set of points {}; such that 31, € P Lagrange
polynomials and .~;(x;) = &; ;. ({xi} is P-unisolvant)
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Cubature

dH?
Goal: For f: Q DT — C smooth, compute /r f(x)dp. [du = Hd(r)]
Principe: Given
e a space P of polynomials;
e a “good” set of points {}; such that 31, € P Lagrange
polynomials and () = 6,'J. ({xi} is P-unisolvant)

Example: For P = Qy := span{X7* X352 | o1, a2 < k} and {x;} are tensor
product of Gauss-Legendre / Chebyshev points.
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Cubature

dH?
Goal: For f: Q DT — C smooth, compute /r f(x)dp. [du = ’Hd(r)]
Principe: Given
e a space P of polynomials;
e a “good” set of points {}; such that 31, € P Lagrange
polynomials and .~;(x;) = &; ;. ({x;} is P-unisolvant)

Example: For P = Qy := span{X7* X352 | o1, a2 < k} and {x;} are tensor
product of Gauss-Legendre / Chebyshev points.

N
» From f(x) =~ Zf( ) deduce {w;} s.t. /f(X)d[,L%ZW,‘f(
r i=1

Imposing that the cubature formula is exact for f € P gives

N

/rf(X)duzzf( wi, [vv,-:/r (x)dp,]

i=1
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Weights computation for .%-invariant spaces

Goal: computing w; —/ (x)dp
r

Rem. There exists a recursive algorithm (on the total degree) for
computing the integral of monomials. (2000)
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Weights computation for .%-invariant spaces

Goal: computing w; —/ (x)dp
r

Rem. There exists a recursive algorithm (on the total degree) for
computing the integral of monomials. (2000)

Def. A polynomial space P is .%-invariant if

poSl,...,pOSLEP, Vp e P.

Examples:
o Py = span{ X7 X5? | a1 + ap < k} is always .-invariant.

o Qn ==span{X{"X5? | a1, ap < k} is .Z-invariant if T, = diag(+1...).
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Weights computation for .%-invariant spaces

= [200d= 3 g [ 7o Sds

1<e<L

=Y [T s sed
1<e<L Mi<j<n

=Y | Aot [
1<<N [ 1<e<tL N

=w;
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Weights computation for .%-invariant spaces

= [200d= 3 g [ 7o Sds

1<e<L

=Y [T s sed
1<e<L Mi<j<n

=Y | Aot [
1<<N [ 1<e<tL N

W get where $1; = ¥ycqcq 41710 S4(1)

Lem. 1 is a simple eigenvalue of S and |Sp(S) \ {1}| < max; p; < 1.

(2024)

Therefore, Sw = w with wy + - - - + wy = 1 has a unique solution.

Numeric: w; computed using a power iteration method on S.
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Weights bound for .%-invariant spaces

Prop: |wi|+ -+ |wy| < An (Lebesgue constant of {x})
where Ay is the norm of the polynomial interpolation operator on L.

i d N+1 Chebysh
Example. In 1d, AP ~ el\2/|0gN and A" ~ 2 Jog(N + 1).
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Weights bound for .%-invariant spaces

Prop: |wi|+ -+ |wy| < An (Lebesgue constant of {x})
where Ay is the norm of the polynomial interpolation operator on L.

i d N+1 Chebysh
Example. In 1d, AP ~ el\2/|0gN and A" ~ 2 Jog(N + 1).

Cantor set (S1(x) = px and Sa(x) = px +1 — p)

— O(logM)
1.84|—p=1/4

p=1/3 /

—p=1/2
1.6
1.4 «

M h ‘A

" N WI ! r"'w' '

r \(I ‘ ‘ J
1.0 j

0 200 400
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Z-invariant case: weights

Cantor set (So(x) = x/3 and So(x) = x/3 4+ 2/3)
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Click for video.

Zois Moitier (ENSTA Paris) High order cubature for IFS 17 / 27



#-invariant case: Numeric on polynomials

relative error
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Y-invariant case: Numeric on functions
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Non .#-invariant case: Description

Hyp: P = Qk and T arbitrary. [non .Z-invariant]
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Non .#-invariant case: Description

Hyp: P = Qk and T arbitrary. [non .Z-invariant]

e For w; = /‘Z}(x) du, we have Sw # w.
r
e Sw=wand wy + -+ wy =1, [Sij =3 ,087 0 Su(x)]

ZVT/,-f(x,'):ZngvT/,-foSl(x,-), /fd;LZpg/fOSde,
i ) i : ¢ :
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Non .#-invariant case: Description

Hyp: P = Qk and T arbitrary. [non .Z-invariant]

e For W,-:/ (x)du, we have Sw # w.
r
e Sw=wand wy + -+ wy =1, [Sij =3 .07 0S:(x)]

S wf() =S pfS_ W o Si(x), /rfdepf/rfoSgdu
i L i L

[ Conjecture. 1 is a simple eigenvalue of S and |Sp(S)\ {1}| < max; py.

» Proof when py < c(N, k). » Verified numerically.
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Non .#-invariant case: Description

Hyp: P = Qk and T arbitrary. [non .Z-invariant]

e For W,-:/ (x)du, we have Sw # w.
r
e Sw=wand wy + -+ wy =1, [Sij =3 .07 0S:(x)]

S af() =S oS wif o Si(), /rfduz,of/rfosédu
i L i L

Conjecture. 1 is a simple eigenvalue of S and |Sp(S)\ {1}| < max; py.

\.

» Proof when py < c(N, k). » Verified numerically.

Thm. -inv. 7 i int.  wif (5).
m. Any .“-inv. subspace P~ C P s exactly int. by Y . w;f(x;)
“Py” "Qk" (2024)
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Non .#-invariant case: Numerics
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Non .#-invariant case: Numerics
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Non .#-invariant case: Numerics
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Numerics: h-version

Fix N and refine the cubature using Sy.
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Numerics: 3d

"“3d Vicsek” with rotation
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@ Iterated Function System (IFS) and Hausdorff measure

© Cubature for Iterated Function System (IFS)
@ Interpolation and exact formula
@ .“-invariant case
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Conclusions et perspectives

Conclusion:

» We have constructed high order cubature (h-version and p-version) for

/f(x) du where I is an IFS attractor.
-

Remark:
» Works with other invariant measure than Hausdorff.
» Works with self-affine set.

Perspective:
» Incorporate this cubature in the full BEM case.

: . dpux d
» Singular weight [ - f(x,y) |ﬁ_y‘|f{ ~ Y wiif (X, x).
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Conclusions et perspectives

Conclusion:

» We have constructed high order cubature (h-version and p-version) for

/f(x) du where I is an IFS attractor.
-

Remark:
» Works with other invariant measure than Hausdorff.
» Works with self-affine set.

Perspective:
» Incorporate this cubature in the full BEM case.

: . dpux d
» Singular weight [ - f(x,y) &_y"fj ~ Y wiif (X, x).

Thank you for your attention
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Cantor set: H-matrix
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Cantor set: H-matrix

We have
B = p*"Y(Ago + Ao1 + Ao + Ar1)

Aoo Ao 1)
A= (700 0
<A1,0 A11

where

[ Lem. If Ais r-low-rank than B is r-low-rank.

Proof. If A~ XTY with |A — XTY|| < €, we note X = Xo Y = Yo
X1 Y1
then B ~ p??71(Xo + X1)T(Yo + Y1) width

1B — 02?1 (Xo + X1)T(Yo + Y1)|| < p?9LLe.
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